Let L|K be a Galois extension of fields with finite Galois group G. Greither and Pareigis [GP87] showed that there is a bijection between Hopf Galois structures on L|K and regular subgroups of P erm(G) normalized by G, and Byott [By96] translated the problem into that of finding equivalence classes of embeddings of G in the holomorph of groups N of the same cardinality as G. In [CCo06] we showed, using Byott's translation, that fixed point free endomorphisms of G yield Hopf Galois structures on L|K. Here we show how abelian fixed point free endomorphisms yield Hopf Galois structures directly, using the Greither-Pareigis approach, and, in some cases, also via the Byott translation. The Hopf Galois structures that arise are "twistings" of the Hopf Galois structure by H λ , the K-Hopf algebra that arises from the left regular representation of G in P erm (G). The paper concludes with various old and new examples of abelian fixed point free endomorphisms.
Let the field L be a Galois extension of the field K with Galois group G. To find a Hopf Galois structure on L|K, we find a regular subgroup N of P erm (G) . Let [GP87] show that every Hopf algebra structure on L|K corresponds in this way to a unique regular subgroup N of P erm(G) normalized by λ (G) .
If N = ρ(G), the image of the right regular representation of G in P erm (G) , then the action of ρ(G) on GL is by 
}, a K-Hopf algebra which has basis elements of the form
where σ runs through representatives of the conjugacy classes of G, and for each σ, a is chosen from a K-basis of L S where S is the centralizer of σ, and the sum is over elements τ in a transversal of S in G.
Every non-abelian Galois extension L|K of fields has at least these two distinct Hopf Galois structures, the classical structure by the Galois group, corresponding to ρ, and the Hopf Galois structure by H λ , corresponding to λ. The two actions coincide if G is abelian.
For G a non-abelian simple group, it was shown in [By04] , extending [CaC99] , that the Hopf Galois structures corresponding to λ and ρ are the only possible Hopf Galois structures on a Galois extension with Galois group G. For certain cyclic Galois groups G, the classical Galois structure is the only Hopf Galois structure, see [By96] . But for many groups G there are large numbers of Hopf Galois structures on Galois extensions of fields with Galois group G.
A number of papers have studied Hopf Galois structures, in part because of potential applications to Galois module theory. For a survey of results from the 20th century, see [Ch00] , Chapter 2; for an interesting application to local Galois module theory, see [By02] . The Greither-Pareigis approach to finding Hopf Galois structures can be difficult in general, because of the size of P erm (G) . (See [Ko07] for the most extensive attempt to classify Hopf Galois structures using the Greither-Pareigis framework.) For that reason, a translation of the Greither-Pareigis classification, formally codified by Byott [By96] , has been utilized in most subsequent work related to classifying Hopf Galois structures. This was the case in [CCo06] , which first explicitly observed a connection between fixed point free endomorphisms and Hopf Galois structures. On the other hand, it has been relatively difficult to describe Hopf Galois structures that arise from Byott's translation.
We review Byott's translation below.
The main point of the present paper is that abelian fixed point free endomorphisms yield Hopf Galois structures quite straightforwardly using the Greither-Pareigis approach and can also yield structures easily via Byott's translation as well. We show in the second half of the paper that there are many examples.
Fixed point free endomorphisms
Let ψ be an endomorphism of the Galois group G. Define a homomorphism
). Since λ(G) and ρ(G) commute and λ, ρ and ψ are homomorphisms, it is routine to check that α ψ is a homomorphism from G into P erm(G), and so α ψ (G) is a subgroup of P erm (G) .
where e is the identity element of the set G on which P erm(G) acts. But this is so iff
only if ψ is fixed point free, that is, the only element π of G for which ψ(π) = π is the identity element of G.
If ψ is the trivial endomorphism, then ψ is abelian and fixed point free, and
On the other hand,
and so for all π in G,
Thus ψ(σ) is in the center of G.
In fact, we have Proposition 3. Let G be a finite group with trivial center. Let ψ, ψ be fixed point free endomorphisms of
Then for all π in G,
In particular, for π = e, the identity of G, we have
Substituting this into the formula involving π gives
for all π in G. But that implies that τ −1 σ commutes with every element of G. Since G has trivial center, σ = τ , and so for all σ in G, we have
Thus if G has trivial center, then every fixed point free endomorphism of G yields a distinct Hopf Galois structure by α ψ (G) on GL. The action is
Thus the α ψ (G) action on GL may be viewed as a twisting by the endomorphism ψ of the λ(G)-action on GL.
K-Hopf Galois structures
For ψ a fixed point free endomorphism of G, we have the regular embedding α ψ :
).
Theorem 5. Each abelian fixed point free endomorphism of G yields a distinct H λ -Hopf Galois structure on L|K.
Proof. If ψ is an abelian fixed point free endomorphism of G, then α ψ (G) yields a Hopf Galois structure on L|K by the K-Hopf algebra
, we show that H λ is isomorphic to H ψ as K-Hopf algebras.
The map sending λ(σ) to λ(σ)ρ(ψ(σ)) is an isomorphism of groups, and induces an L-Hopf algebra isomorphism f : Lλ(G) → Lα ψ (G) of the corresponding group rings. We need to see if f respects the action of G on H λ and H ψ . So we ask, is
The left side is
Thus f respects the G-action iff for all σ, τ in G,
which holds since ψ is abelian.
Thus f is a G-module homomorphism, hence induces an isomorphism from
This result may be viewed as saying that if ψ is an abelian and fixed point free endomorphism of G, then the action of λ(G) on GL twisted by ψ descends to a twisting by ψ of the action of H λ on L.
Byott's translation
As noted above, a useful way to count Hopf Galois structures on a Galois extension L|K with Galois group G is via Byott's translation. This works as follows. Given a finite group G, let N be a group of the same cardinality as G. Then each regular embedding of G into Hol(N ) ⊂ P erm(N ) yields a Hopf Galois structure on a Galois extension of fields with Galois group G. Since Hol(G) ∼ = G Aut(G) is often a much more well-understood group than P erm(G), the Byott translation approach has been used successfully to count Hopf Galois structures, for example in [By96] , [CaC99] , [Ch03] , [By04] , [Ch05] , [CCo06] , [Ch07] .
To get from a regular embedding β of G into Hol(N ) = ρ(N )·Aut(N ) to a regular subgroup α(N ) of P erm(G), we use β to define a function (usually not a homomorphism) b : G → N by b(σ) = β(σ)(e N ) (where e N is the identity element of N ) . Then b is necessarily a bijection by regularity of β, so gives a homomorphism from P erm(G) to P erm(N ) by conjugation: π in P erm(G) maps to bπb (ηb(σ)). The embedding α is the one that defines the action of the Hopf algebra LN on GL, and hence the action of the K-Hopf algebra LN
In practice, it can be difficult to identify the inverse of b. But for embeddings β arising from some endomorphisms, we can identify b −1 and the embedding α.
Let N = G and let ψ be a fixed point free endomorphism of G.
The corresponding function b : G → G is defined by
Then the corresponding embedding α :
Thus to understand the regular embedding α, and hence the Hopf Galois action, we need b Proof.
). 
Since θ and ψ are inverses, we have
If ψ is abelian, then so is θ. So if ψ is abelian, then Theorem 5 shows that the Hopf Galois action on a field extension L|K corresponding to θ in Corollary 7 is via the Hopf algebra H λ .
Examples
Symmetric groups. In [CaC99] it was observed that for G = S n , n ≥ 5, every fixed point free endomorphism of G is trivial on the alternating group A n ⊂ S n . (For a non-abelian simple group there are no nontrivial fixed point free endomorphisms, c.f. [Go82, p. 55].) Hence every non-trivial fixed point free endomorphism induces a homomorphism from S n /A n into S n , hence is abelian. For the endomorphism to be fixed point free, the non-trivial coset must map to an even permutation of order 2. Each such non-trivial fixed point free endomorphism of S n yields a distinct action of H λ on any Galois extension L|K with Galois group S n .
It is easy to see that each such endomorphism is its own inverse.
Metacyclic groups. In [CCo06] we examined groups G of the form Simplifying the exponents yields:
The first congruence for n = 1 is the same as any of the following four congruences:
The last two imply that ( and so, looking at the F n p -components, we obtain β
Thus ψ is abelian iff ψ is constant on orbits of F 
